remain such even when B is switched off. The subsequent calculation will be restricted to fluid Hydrogen.
The thermodynamic properties of the low pressure atomic H ↑ phase may be easily calculated from the known triplet pair potential [7] by standard methods of the theory of classical fluids. We calculated the atom-atom pair distribution function g(r) from the HNC integral equation [8] , and deduced from it the equation of state via the virial and compressibility routes. The resulting excess free energies per atom are plotted in Fig.4 as a function of the usual density parameter r s = a/a 0 , along the isotherm T = 10 4 K; here a 0 is the Bohr radius, and a = [3/(4π n)] 1/3 , where n is the number of H atoms per unit volume. There is a thermodynamic inconsistency, typical of HNC theory, but the small difference between the "virial" and "compressibility" free energies will have no influence on our conclusions. To allow for a meaningful comparison with the free energy calculated for the high pressure plasma phase, the free energies shown in Fig.4 contain an electron binding energy contribution of −0.5 a.u. . It is implicitly assumed that this binding energy, valid for isolated atoms (i.e. in the limit r s → ∞)
does not change upon compression up to r s = 2.5, due to overlap and distortion of the individual electron 1s orbitals.
A statistical description of the high pressure phase is more challenging. The key parameter characterizing the spin-polarized electron component is its Fermi energy ǫ F = 2.923/r 2 s a.u. ;the corresponding Fermi temperature T F ≈ 9.2 10 5 /r 2 s K. Along the isotherm T = 10 4 K considered in the present calculations, the electrons may be considered to be completely degenerate (i.e. in their ground state) up to r s ≈ 3. The degeneracy temperature of the protons is 2000 times smaller, so that for T = 10 4 K, the latter may be considered as being essentially classical, down to r s ≈ 0.5. The proton component is characterized by the Coulomb coupling constant Γ = e 2 /(ak B T ) = 31.56/r s along the above isotherm, showing that classical Coulomb correlations are expected to be strong over the density range 1 ≤ r s ≤ 3 considered in this paper. Note that while Γ decreases as r s increases, the corresponding electron Coulomb coupling constant γ = e 2 /(aǫ F ) = 0.342 r s increases.
In the ultra-high density regime r s ≤ 1, the electron kinetic energy dominates, and the proton and electron components decouple in first approximation ("two-fluid" model); the weak proton-electron coupling may be treated by linear response theory [9] , suitably adapted to the spin-polarized case. Within linear response, the free energy per atom (ion-electron pair) splits into three terms: the ground-state energy of the uniform, spin-polarized electron gas ("jellium"), ǫ e , the free energy of protons in a uniform neutralizing background (the so-called "one-component plasma" or OCP), f OCP , and the first order correction due to linear screening of the Coulomb interactions by the electron gas, ∆f :
where ǫ e (r s ) is taken to be the sum of kinetic (1.754/r s 2 ), exchange (−0.5772/r s ) and correlation [10] contributions; f OCP is given by an accurate fit to Monte Carlo simulations of the OCP [9, 11] ; ∆f follows from first order thermodynamic perturbation theory [9] :
where S OCP (k) is the static structure factor of the OCP (which plays the role of ref-
erence system). According to linear response theory,ŵ(k) is the difference between screened and bare ion-ion pair potentials:
where ǫ(k ) is the dielectric function of the electron gas which we calculated within the RPA from the Lindhard susceptibility of a gas of spin-polarized, non-interacting electrons, supplemented by a local exchange and correlation correction [10] . All necessary ingredients for the calculation of ∆f may be found in [9] , and the resulting free energy curve is shown in Fig.4 . Although linear response cannot, a priori, be expected to be quantitatively accurate for r s > 1, it provides a rough estimate of the plasma to atomic phase transition, from the intersection of the free energy curves, which is seen to occur at r s ≈ 1.9. The corresponding transition pressure would be 2.3M bar.
However, as r s increases, the ion-electron coupling becomes stronger, and the nonlinear response of the electron component to the "external" potential field provided by the protons, is expected to lower the free energy of the plasma phase. To explore the non-linear regime we have adapted the HNC-DFT formulation of our earlier work on (unpolarized) metallic H [12] to the spin-polarized case. Within this formulation, proton-proton and proton-electron correlations are treated at the HNC level, which is expected to be a good approximation for the long-range Coulomb interactions, while the energy of the inhomogeneous electron gas follows from the density functional (E = N ǫ e ):
where ρ(r) denotes the local electron density, and E K , E H , E X and E C are the kinetic, Hartree, exchange and correlation contributions. For E K we adopted the Thomas-Fermi approximation, corrected by a square gradient term:
where C K = 3(6π 2 ) 2/3 /10 a.u., while the choice of 1/9 < λ < 1 will be specified below.
The mean field Hartree term is of the usual form:
where ∆ρ(r) = ρ(r) − n, while:
with C X = −3(6/π) 1/3 /4 a.u. . The correlation contribution E C [ρ(r)] (within the an instability of the electron-proton plasma at lower densities. This strongly suggests a transition to the insulating atomic phase, but the simple density functional used in this work cannot properly describe the recombination of protons and electrons into bound (atomic) states [14] .
In order to confirm this scenario, the free energy of the plasma phase should be compared to that of the atomic phase. This is easily achieved within the high density linear response regime, as shown earlier. However the calculation of the free energy in the non-linear regime appropriate for lower densities (r s > 1) is less straightforward [12] . In fact the present HNC-DFT formulation provides only one direct link with thermodynamics, namely via the compressibility relation [8] :
where χ T denotes the isothermal compressibility of the plasma. From the calculated values of χ T , the free energy of the plasma follows by thermodynamic integration, starting from a reference state (e.g. r s = 1) for which the linear response estimate is expected to be accurate. The resulting "compressibility" free energy curve is plotted in Fig.4 . Somewhat unexpectedly it lies above the linear response prediction. An alternative route to the free energy is via the virial relation for the pressure; only an approximate virial expression is known within the present HNC-DFT formulation [12] , and the resulting "virial" free energy curve is also shown in Fig.4 . It falls well below the "compressibility" free energy curve, thus illustrating the well known thermodynamic inconsistency of the HNC closure for Coulombic fluids [15] . Any reasonable extrapolation of the two free energy curves would miss the low density limit −0.5 a.u. by as much as twenty per cent. We suggest instead an estimate of the free energy of the plasma phase by taking the average of the "compressibility" and "virial" values, despite the lack of foundamental a priori justification for doing this. A short extrapolation of the resulting curve is likely to intersect or smoothly join on to the free energy of the atomic phase just beyond r s = 2.5. An intersection would correspond to a first-order phase transition, reminiscent of the "plasma phase transition" of Saumon and Chabrier [6] .
However, due to the uncertainty on the thermodynamics of the plasma phase, a continuous transition cannot be ruled out. The transition pressure P would be of the order of 0.5M bar, well below the current experimental and theoretical estimates for the transition of fluid molecular Hydrogen to a conducting state [4, 6] .
In summary the structure and thermodynamic results derived from an HNC-DFT theory of the spin-polarized proton-electron plasma strongly suggest that this plasma will recombine into an insulating atomic phase at r s ≈ 2.5, for a temperature T = 10 4 K.
We are presently exploring the behaviour of the system at lower temperatures. "virial" (upper) and "compressibility" (lower) free energy for the atomic phase.
